Abstract. In this paper we determine some properties of Fibonacci octonions.
Ci; 09], [Fl, Sa; 15 ] , [Fl, Sa; 15 (a) ]), [Ke, Ak; 15] , [Ke, Ak; 15 (a) ], [Ta; 13] . In the paper [Ke, Ak; 15 (a) ], O. Kecilioglu, I. Akkus gave some properties of the split Fibonacci and Lucas octonions in the octonion algebra O(1, 1, −1) . In this paper we study the Fibonacci octonions in certain generalized octonion algebras. In the paper [Fl, Sa; 15 (a) ], we introduced the generalized Fibonacci -Lucas quaternions and we determined some properties of these elements. In this paper we introduce the generalized Fibonacci -Lucas octonions and we prove that these elements have similar properties with the properties of the generalized Fibonacci -Lucas quaternions.
Properties of the Fibonacci and Lucas numbers
The following properties of Fibonacci and Lucas numbers are known:
Proposition 2.1. ([Fib.] ) Let (f n ) n≥0 be the Fibonacci sequence and let (l n ) n≥0 be the Lucas sequence. Therefore the following properties hold: i) f n + f n+2 = l n+1 , ∀ n ∈ N;
ii) l n + l n+2 = 5f n+1 , ∀ n ∈ N;
iii) f 2 n + f 2 n+1 = f 2n+1 , ∀ n ∈ N; iv) l 2 n + l 2 n+1 = l 2n + l 2n+2 = 5f 2n+1 , ∀ n ∈ N; v) l 2 n = l 2n + 2 (−1) n , ∀ n ∈ N * ; vi) l 2n = 5f 2 n + 2 (−1) n , ∀ n ∈ N * ; vii) l n + f n = 2f n+1 .
Proposition 2.2. ( [Fl, Sa; 14] , [Fl, Sa, Io; 13] ) Let (f n ) n≥0 be the Fibonacci sequence and let (l n ) n≥0 be the Lucas sequence. Then:
ii)
In the following proposition, we will give other properties of the Fibonacci and Lucas numbers, which will be necessary in the next proofs.
Proposition 2.3. Let (f n ) n≥0 be the Fibonacci sequence and (l n ) n≥0 be the Lucas sequence Then:
Proof. i) Using Proposition 2.1 (i) we have:
From Proposition 2.2 (ii) and Proposition 2.1 (i), we obtain:
ii) Applying Proposition 2.1 (ii), we have:
Using Proposition 2.2 (ii,iv), we have:
From Proposition 2.1 (i) and Fibonacci recurrence, we obtain:
f n +f n+8 = 3f n+2 +f n+5 +f n+7 = 3f n+2 +2f n+5 +f n+6 = 3f n+2 +3f n+5 +f n+4 .
Using Proposition 2.2 (i), we obtain:
Fibonacci octonions
Let O R (α, β, γ) be the generalized octonion algebra over R with basis {1, e 1 , e 2 , ..., e 7 } . It is known that this algebra is an eight-dimensional non-commutative and nonassociative algebra. The multiplication Let x∈O R (α, β, γ) , x = x 0 + x 1 e 1 + x 2 e 2 + x 3 e 3 + x 4 e 4 + x 5 e 5 + x 6 e 6 + x 7 e 7 and its conjugate x = x 0 − x 1 e 1 − x 2 e 2 − x 3 e 3 − x 4 e 4 − x 5 e 5 − x 6 e 6 − x 7 e 7 , the norm of x is n (x) = xx = x 
Let K be an algebraic number field. It is known the following criterion to decide if an octonion algebra is a division algebra.
Proposition 3.1. ( [Fl, St; 09] ) A generalized octonion algebra O K (α, β, γ) is a division algebra if and only if the quaternion algebra H K (α, β) is a division algebra and the equation n (x) = −γ does not have solutions in the quaternion algebra H K (α, β) .
It is known that the octonion algebra O R (1, 1, 1) is a division algebra and the octonion algebra O R (1, 1, −1) is a split algebra (see [Ke, Ak; 15 (a) ], [Fl, Sh; 15] ). In [Fl, Sh; 15] appear the following result, which we allow us to decide if an octonion algebra over R, O R (α, β, γ) is a division algebra or a split algebra. Fl, Sh; 15] ) We consider the generalized octonion algebra O R (α, β, γ) , with α, β, γ∈R * . Then, there are the following isomorphisms:
Let n be an integer, n ≥ 0. In the paper [Ke, Ak; 15] , O. Kecilioglu, I. Akkus, introduced the Fibonacci octonions:
where f n is n th Fibonacci number. Now, we consider the generalized octonion algebra O R (α, β, γ) , with α, β, γ in arithmetic progression, α = a + 1, β = 2a + 1, γ = 3a + 1, where a∈R.
In the following, we calculate the norm of a Fibonacci octonion in this octonion algebra.
Proposition 3.3. Let a be a real number and let F n be the n-th generalized Fibonacci octonion. Then the norm of F n in the generalized octonion algebra O R (a + 1, 2a + 1, 3a + 1, ) is:
Proof.
where, we denoted with
. Now, we calculate S 1 , S 2 , S 3 . Using [Ke, Ak; 15] (p.3), we have
Applying Proposition 2.1 (iii) and Proposition 2.1 (i), we have:
From Proposition 2.2 (ii), Proposition 2.3 (ii) and Proposition 2.1 (i), we have:
Using several times the recurrence of Fibonacci sequence and Proposition 2.1 (vii), we obtain:
Applying Proposition 2.1 (iii) and Proposition 2.1 (vi,i), we have:
From Proposition 2.3 (iii) and the recurrence of Fibonacci sequence, we have:
Therefore, we obtained that:
From Proposition 2.1 (vi,i), we have:
Applying Proposition 2.3 (iii) and the recurrence of Fibonacci sequence many times, we have:
From the relations (3.1), (3.2), (3.3), (3.4), (3.5), we have:
Therefore, we get :
We obtain immediately the following remark:
Remark 3.1. If a is a real number, a < −1, then, the generalized octonion algebra O R (a + 1, 2a + 1, 3a + 1) is a split algebra.
Proof. Using Proposition 3.2 (ii) and the fact that the octonion algebra O R (1, 1, −1) is a split algebra, it results that, if a < −1, the generalized octonion algebra O R (a + 1, 2a + 1, 3a + 1) is a split algebra.
For example, for a = −4 we obtain the generalized octonion algebra O R (−3, −7, −11) . From Remark 3.1 it results that this is a split algebra (another way for to prove that this algebra is a split algebra is to remark that the equation n (x) = 11 has solutions in the quaternion algebra H K (−3, −7) and then we apply Proposition 3.1. Now, we want to determine how many Fibonacci octonions invertible are in the octonion algebra O R (−3, −7, −11) . Applying Proposition 3.3, we obtain that n (F n ) = −1144f 2n+6 − 1851f 2n+7 − 96 (−1) n , n ∈N. Using that f 2n+6 , f 2n+7 > 0, (∀) n∈N, it results that n (F n ) < 0, (∀) n∈N, therefore, in the split octonion algebra O R (−3, −7, −11) all Fibonacci octonions are invertible. For a = −2, after a few calculations, we also get that in the split octonion algebra O R (−1, −3, −5) all Fibonacci octonions are invertible. From the above, the following question arises: how many invertible Fibonacci octonions there are in the octonion algebra O R (a + 1, 2a + 1, 3a + 1) , with a < −1? We get the following result:
Proposition 3.4. Let a be a real number, a ≤ −2 and let O R (a + 1, 2a + 1, 3a + 1) be a generalized octonion algebra. Then, in this algebra, all Fibonacci octonions are invertible elements.
Proof. It is sufficient to prove that n (F n ) = 0, (∀) n∈N. Using Proposition 3.3., we have:
.
After a few calculations, we obtain:
We remark that 141a 2 + 43a + 126 > 0 (∀) a∈R (since ∆ < 0)and In the future, we will study if this fact is true in each generalized octonion algebra O R (a + 1, 2a + 1, 3a + 1), with a∈(−2, −1) .
Generalized Fibonacci-Lucas octonions
In the paper [Fl, Sa; 15 (a) ], we introduced the generalized Fibonacci -Lucas numbers, namely: if n is an arbitrary positive integer and p, q be two arbitrary integers, the sequence (g n ) n≥1 , where
is called the sequence of the generalized Fibonacci-Lucas numbers. For not make confusions, we will use the notation g p,q n instead of g n . Let O Q (α, β, γ) be the generalized octonion algebra over Q with the basis {1, e 1 , e 2 , ..., e 7 } . We define the n-th generalized Fibonacci-Lucas octonion to be the element of the form We wonder what algebraic structure determine the generalized Fibonacci-Lucas octonions. First, we make the following remark. In the paper [Fl, Sa; 15 (a) ], we proved the following properties of the generalized Fibonacci -Lucas numbers: Moreover, applying Remark 4.1, it results that 0∈A. These implies that A is a Z -submodule of the generalized octonions algebra O Q (α, β, γ) .. Since {1, e 1 , e 2 , ..., e 7 } is a basis of A, it results that A is a free Z-module of rank 8.
(ii) From Remark 4.2 (ii), it results immediately that 5G
* , p, q, p ′ , q ′ ∈Z. Using this fact and a similar reason that in the proof of (i), it results that B is a unitary non-associative subalgebra of the generalized octonions algebra O Q (α, β, γ) .
